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For topological characterization of non-Hermitian multiband systems, Majorana’s stellar represen-
tation (MSR) is applied to 1D multiband models consisting of asymmetric nearest-neighbor hopping
and imaginary on-site potentials. The number of edge states isolated from the continuous bulk bands
in the complex energy plane is successfully linked with a topological invariant constructed from MSR.
Specifically, the number of isolated edge states can be obtained from a winding number defined for
the Majorana stars, which also allows for a geometric visualization of the topology related to the
isolated edge modes. A remarkable success of our approach is that our winding number charac-
terization remains valid even in the presence of exceptional points of the continuous bulk bands,
where the Hamiltonian becomes non-diagonalizable and hence conventional topological invariants
such as the Zak phase and the Chern number cannot be properly defined. Furthermore, cases with
the so-called non-Hermitian skin effect are also studied, showing that the bulk-boundary correspon-
dence between our defined winding numbers and isolated edge states can be restored. Of particular
interest is a four-band example with an odd number of isolated edge states, where the Zak phase
approach necessarily fails upon removing the skin effect, but our MSR-based characterization works
equally well. For these reasons, our study is expected to be widely useful in topological studies of
non-Hermitian multiband systems, regardless of the skin effect or the presence of the exceptional
points in non-Hermitian systems.
I. INTRODUCTION
Non-Hermitian Hamiltonians1,2 are now widely recog-
nized to be physically relevant as effective Hamiltonians
in many physical systems, such as open quantum systems3
with finite life time introduced by electron-electron or
electron-phonon interactions4,5, and photonic systems
with gain and loss6–8. In particular, non-Hermitian
topological phases have been one of the most intrigu-
ing research subjects during the past few years, because
they possess many exotic topological phenomena beyond
Hermitian systems. In non-Hermitian systems, excep-
tional degeneracies emerge when two or more energy
levels coalesce into one, becoming identical not only in
eigenenergies, but also eigenstates9–23. Such degenera-
cies can form various manifolds with distinct topologi-
cal structures in the Brillouin zone of systems beyond
one-dimension24–33. The celebrated ten-fold symmetry
classification has also been extended into non-Hermitian
systems, and is much enriched due to the extra non-
spatial symmetries of non-Hermitian matrices34–45. It
has also been shown that the non-Hermitian skin effect
(NHSE)46, reflected by enormous accumulation of eigen-
modes at system boundaries, can modify the topological
bulk-boundary correspondence38,46–54, and lead to other
novel phenomena when interplayed with different physical
effects, e.g. non-Hermitian quasicrystal55–57, hybrid skin-
topological modes and topology-controled non-reciprocal
pumping58,59, emergence of a real space Fermi surface60,
and singularities in Berry curvature54. To understand
these interesting behaviors, many efforts have been made
to develop new tools for characterization and geometric
visualization of non-Hermitian topology, such as the gen-
eralized Brillouin zone46,61,62, energy vorticity17 and the
associated winding numbers52,63, the singularity ring in
pseudospin space38, and a graphic approach of eigenstates
on torus as certain parameter space64.
To date, topology of eigenstates in non-Hermitian sys-
tems can already be geometrically visualized through var-
ious methods38,64–67. However, many of them have fo-
cused on two-band systems only. It is possibly challenging
but of great interest to study non-Hermitian multiband
systems. In Hermitian systems, multiband topology can
be analyzed with the Majorana’s stellar representation
(MSR)68–72, which maps a n-band eigenstate to n − 1
Majorana Stars (MSs) on a Bloch sphere, each represent-
ing a different spin-1/2 state72–75. The distributions and
motions of these MSs on a Bloch sphere are collectively
connected to the Berry phase of the original n-band eigen-
states, thus providing an intuitive way towards under-
standing the underlying topological properties. Inspired
by such progresses in Hermitian multiband systems, in
this work we extend the MSR approach to non-Hermitian
multiband systems by defining MSs for only the right (or
left) eigenstates. With explicit analysis of two-band sys-
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2tems and several intriguing examples of multiband sys-
tems, we find a one-to-one correspondence between the
number of edge states isolated from continuous bands
and a winding number defined from these MSs. Remark-
ably, the winding number we propose is well-defined even
when different energy bands coalesce at one or more ex-
ceptional points (EPs), whereas conventional topological
invariants such as the Zak phase and the Chern number
are generally ill-defined in such cases. Furthermore, our
method can be directly extended to systems with NHSE
via a known procedure, namely, by considering the so-
called non-Bloch Hamiltonian obtained by a complex de-
formation of the quasi-momentum of the studied system.
Of particular importance, in a 4-band model with NHSE
and possessing an odd number of isolated edge states,
our defined winding number continues to work because
it can equally predict the number of edge states in this
subtle case, whereas the Zak phase necessarily fails in
this situation. Putting all these results together, it can
be concluded that our defined winding number provides
the most potent topological invariant to date in charac-
terizing non-Hermitian topological phases in multiband
systems, where both continuous bands and isolated edge
states behave very differently from Hermitian systems.
The rest of this paper is organized as follows. In Sec. II
we introduce our multiband models with non-Hermiticity
induced by non-reciprocal hoppings and imaginary on-
site potentials. In Sec. III we briefly review the MSR
of high-(pseudo)spin states, and define a winding num-
ber for the MSs of each band. Sec. IV contains the
main results of this work, where we illustrate the bulk-
boundary correspondence between isolated edge states
and our defined winding numbers in several different sce-
narios with/without EPs and/or NHSE. A brief summary
and discussion are given in Sec. V.
II. NON-HERMITIAN 1D MULTIBAND CHAIN
MODEL
We consider a 1D lattice model with J lattice sites in
a unit cell, as illustrated in Fig. 1. The corresponding
tight-binding Hamiltonian is given by
H =
N∑
n
J∑
j
(iµj cˆ
†
j,ncˆj,n + (tj + δj)cˆ
†
j,ncˆj+1,n
+ (tj − δj)cˆ†j+1,ncˆj,n),
(1)
where cˆj,n (cˆ
†
j,n) is the annihilation (creation) operator of
a particle at the jth lattice site in the nth unit cell, and
cˆJ+1,n ≡ cˆ1,n+1. Fig. 1 presents a more specific config-
uration of the lattice. As indicated in Fig. 1, our model
consists of (N × J) lattice sites, with non-reciprocal hop-
ping tj ± δj (which may induce NHSE in this system),
and on-site imaginary potential µj depicting particle gain
and loss.
FIG. 1: A simple illustration of the non-Hermitian 1D
J-band chain model. Circles indicate the lattice site and
arrows indicate the hopping between the lattices.
By performing the Fourier transformation, cˆj,n =
1/
√
N
∑
k e
ink cˆj,k with j ∈ {1, 2, ..., J} to the real space
Hamiltonian (1), we can obtain the Bloch Hamiltonian
Hk =
∑
k ψ
†
kh(k)ψk with k ∈ [0, 2pi] being the quasimo-
mentum variable, ψk = (cˆ1,k, cˆ2,k, ..., cˆJ,k)
T and
h(k) =
iµ1 t1 + δ1 ... 0 (tJ − δJ)e−ik
t1 − δ1 iµ2 ... 0 0
...
...
. . .
...
...
0 0 ... iµJ−1 tJ−1 + δJ−1
(tJ + δJ)e
ik 0 ... tJ−1 − δJ−1 iµJ
 .
(2)
Conventionally, topological properties of 1D Hermitian
systems can be characterized by the Zak phase76, which
is the Berry phase77 associated with each band as the
quasi-momentum k adiabatically runs over one cycle in
the Brillouin zone. In particular, when the system con-
sists of only two bands, the Zak phase can be obtained
from the solid angle on a Bloch sphere of an eigenstate
varying throughout the Brillouin zone (BZ), thus provid-
ing an intuitive geometric picture of the topology of 1D
systems. In non-Hermitian systems, a pair of left and
right eigenstates satisfy the biorthogonal normalization
condition48,78, and the non-Hermitian (always real) Zak
phase can be defined as79,80
γ(m) = −Im
∮
BZ
〈ψL,m(k)|∂k|ψR,m(k)〉dk, (3)
with ψL,m(k) ψR,m(k) the left (right) Bloch eigenstate
and m denoting the band index. In a discrete lattice sys-
tem, by considering discrete wavenumber of kn = 2pin/Nk
3and Nk = N as a large integer, the Zak phase can be ob-
tained numerically with
γ(m) = −Im
Nk∑
n
log[〈ψL,m(kn)|ψR,m(kn+1)〉]. (4)
However, even for a two-band non-Hermitian system, this
Zak phase cannot be directly mapped onto a Bloch sphere
for visualization, because the definition of left and right
eigenstates leads to complex winding angles of the pse-
duspin vector (see Appendix A). Furthermore, as we il-
lustrate in later discussions, non-Hermitian band struc-
tures can host topological edge states even in the pres-
ence of exceptional points. In this scenario, the Hamil-
tonian is not diagonalizable and the Zak phase becomes
ill-defined. For these two reasons, a more versatile topo-
logical invariant is required to topologically characterize
non-Hermitian multiband systems.
III. THE WINDING NUMBER OF THE
MAJORANA STARS
MSR is conventionally used to represent a pure quan-
tum high-spin state with multiple spin-1/2 states68–72,
and has later been extended to describe Hermitian multi-
band topological systems72–75. For a spin-L state |Φ〉
which has 2L+1 components, it can be expressed in terms
of 2L spin-1/2 states according to the Schwinger boson
representation theory70:
|Φ〉 = 1
2NL
2L∏
l=1
(cos(
θl
2
)a†↑ + sin(
θl
2
)eiφla†↓)|0〉. (5)
Hence, a spin-L state can be decomposed to 2L spin-
1/2 states by finding the roots of the following MSR
equation74:
2L∑
l=0
(−1)lC2L−l+1√
(2L− l)!l! x
2L−l = 0, (6)
where Cα denotes the wavefunction components of a spin-
L state with α ∈ {1, 2, ..., 2L+ 1}, and xl being the found
MS solutions.
In non-Hermitian J-band systems, the mth right eigen-
state of the system has J components in which each com-
ponent can be understood as Cm,l, i.e. |ψR,m(k)〉 =
(Cm,1, Cm,2, ..., Cm,J)
T . Therefore, the m-th right eigen-
state is mapped to the spin-L state by considering 2L +
1 = J . Further, the decomposition to MSRs can also be
done for the right eigenstates by using the MSR equation
Eq. (6), upon changing 2L to J − 1 in the equation.
Since the decomposition is done for a given band m
and given wavenumber k, we denote the roots of the
equation to be xm,l(k) = tan
θm,l(k)
2 e
iφm,l(k) with l ∈
{1, 2, ..., J−1}, each representing a MS on a Bloch sphere
with the spherical coordinates (1, θm,l(k), φm,l(k)). A full
MSR can be obtained by tracing each MS of xm,l(k) on
the Bloch sphere with k varying throughout the Brillouin
zone.
In Hermitian systems, it has been rigorously proven
that the geometrical phases of MSs, which consist of the
solid angles formed by each stars and the correlation be-
tween two stars, are closely related to the Zak phases of
the system72,73. The existence of edge states was also
known to be associated with a nontrivial winding of the
system in a certain 2D plane.81. Here we define a wind-
ing number for the MSs as the total winding of their az-
imuthal angles. That is,
νm = − 1
2pi
J−1∑
l=1
∮
∂kφm,ldk, (7)
for a given band m. In two-band systems, we have proven
in Appendix A that this winding number is equivalent to
the nontrivial winding of the Zak phase, which can be
defined for both left and right eigenstates. However, we
would like to emphasize that this winding number does
not have a direct relation to the geometrical phases (which
are related to solid angles instead). Still, our hope is
that the winding of MSs defined for right or left eigen-
states only can also be used to characterize the existence
of topological edge states in multiband systems. This is
confirmed by our extensive numerical results for the 1D
lattice model of Eq. (1), as shown in the following sec-
tions. Of particular importance is that in non-Hermitian
systems, an isolated edge state may correspond to the co-
alescence of multiple eigenstates. We find that the wind-
ing number thus defined summed over all energy bands
satisfy the following relation:∑
m
νm =
∑
r
Dr, (8)
with Dr being the number of eigenstates under the open
boundary condition (OBC) that coalesce into the rth iso-
lated edge state, dubbed as aDr-fold coalescent edge state
hereafter. Note however, in a finite-size system under
OBC, a Dr-fold coalescent edge state will be de-coalescent
into totally Dr edge states with slightly different eigenen-
ergies and spatial distributions, with the total number of
such edge states still directly given by
∑
m νm.
Before moving on to the next section, we stress that
we have only applied the MSR to right eigenstates in the
4above discussions. We have checked that using left eigen-
states will yield the same conclusions.
IV. THE BULK-BOUNDARY
CORRESPONDENCE
In a Hermitian 1D system, there is the bulk-boundary
correspondence between the Zak phase evaluated under
PBC and the number of edge states of the system un-
der OBC76,82–84. In this section, we will show that the
winding number of the MSs, as defined above, can help
us characterize the number of isolated edge states in non-
Hermitian multiband systems, even when EPs are present
in the band structure and the Zak phase is ill-defined.
For the rest of this paper, we consider the model of Eq.
(1) with J = 3, 4 as representative examples, with more
demonstrations with larger J , i.e. J = 5, are shown in
Appendix B.
(a) Trivial Case (b) Non-trivial Case
FIG. 2: (a) and (b) respectively show the energy spectra
of the topologically trivial case (t3 = 0.1) and non-trivial
case (t3 = 0.9). The purple circles indicate the energy
spectrum under OBC, and the red, blue, and green curves
indicate the three energy bands of the system under PBC.
Parameters for both cases: N = 120, t1 = t2 =
√
2/2,
µ1 =
√
2, µ2 = 0, µ3 = −
√
2, δj = 0 for j ∈ {1, 2, 3}.
Insets show the real space distributions ρj,n = |ψj,n|2 of
the two-fold coalescent edge states, with ψj,n being the
amplitude of their wavefunctions at lattice site (j, n).
A. Reciprocal system with separable bands
We first consider a reciprocal system with δj = 0 for
j ∈ {1, 2, 3}, and non-Hermiticity is introduced solely
from the imaginary on-site potential. In Fig. 2, we il-
lustrate the PBC and OBC spectra for two typical cases
with and without edge states isolated from the three sep-
arable continuous bands.
In both cases, the PBC spectrum follows well with the
OBC spectrum, suggesting the absence of NHSE. Thus
bulk-boundary correspondence between the PBC system
and isolated edge states under OBCs is expected to hold.
Indeed, for the case of Fig. 2(a) without any isolated edge
state, it is found that the trajectories of MSs for each
band do not enclose the z-axis [Fig. 3(a)], meaning that
the winding number takes νm = 0 for m = 1, 2, 3. On the
other hand, MSs for two of the three bands in Fig. 2(b)
wind around the z-axis, indicating a nontrivial topology
and corresponding edge states of the system. Note that
in most cases, the trajectories of a pair of MSs for a single
band exchange with each other as k varies from 0 to 2pi,
and go back to themselves at k = 4pi. In such cases, the
winding number νm defined as summation over all MSs
for the mth band is equivalent to the total winding of one
of the MSs with k varying from 0 to 4pi.
In Fig. 4, we further illustrate the azimuthal angle φ
for each MS as a function of k. We can see that for band
1 (blue) and band 3 (red) of the topologically nontrivial
case, φ changes by 4pi as k goes through the BZ twice,
corresponding to winding numbers ν1,3 = 2. On the other
hand, the second band in the same case has a winding
number of ν2 = 0, which is the same for any band in the
topologically trivial case in Fig. 2(a). The total winding
number of the nontrivial case is hence given by∑
m
νm = 4, (9)
which agrees with the fact that we obtain two two-fold
coalescent edge states isolated from the continuous bands
in Fig. 2(b).
Finally, to understand if our proposed topological char-
acterization at least covers the traditional Zak phase
based approach, we inspect the associated Zak phases by
use of Eq. (4) for a comparison. Numerically, we ob-
tain γ(1,2,3) = (0.0035,−0.0035, 0)pi for the topologically
trivial case in Fig. 2(a), and (0.1671, 3.8329, 0)pi for the
topologically nontrivial case in Fig. 2(b). Note that the
Zak phases are not quantized for each individual band
here, because the system we have chosen does not possess
chiral symmetry nor inversion symmetry that protects a
quantized Zak phase and the edge states. Nevertheless,
it has been shown that in Hermitian cases, the number of
edge states can be related to the summation of Zak phases
of all energy bands83,84. Consistent with this, we respec-
tively obtain
∑
m γ
(m) = 0 and 4pi for the two cases here,
which are in agreement with our defined winding number
and the number of two-fold coalescent edge states. This
being the case, for the examples here our approach does
5not outperform the Zak phase approach yet.
(a) Trivial Case
(b) Non-trivial Case
FIG. 3: Trajectories of MSs for (a) the trivial case and
(b) the nontrivial case of Fig. 2. The arrows indicate
the orientation of the MSs when k runs over BZ. In (a),
each trajectory does not enclose the z-axis. In (b), the
trajectories of MSs for the first and third bands enclose
the z-axis, but those of the second band does not. Note
that in most cases there is only one closed loop on the
sphere, which is formed by the trajectories of two MSs of
a given band connecting to each other.
B. Inseparable bands with EPs
Since the energy spectrum of a non-Hermitian system
is complex in general, EPs can exist when different en-
ergy bands at the same quasi-momentum k coincide on
the complex energy plane. In the presence of EPs, the
eigenstates of these bands coalesce into one, leading to an
incomplete Hilbert space and a non-diagonalizable Hamil-
tonian. Such situations are of more interest to us, because
the Zak phase cannot be properly defined for each individ-
ual band. The central question is then the following: in
such cases with EPs, can our defined winding numbers be
used to predict the number of edge modes isolated from
continuous bands on the complex energy plane?
0 1 2
1
2
0 1 2
1
2
0 1 2
1
2
(a) Trivial Case
0 1 2
1
2
0 1 2
1
2
0 1 2
1
2
(b) Non-trivial Case
FIG. 4: (a) and (b) show the variation of angle φ of the
MSs in the trivial and non-trivial cases respectively. In
the trivial case, all three bands does not cross over 2pi,
hence their winding numbers are 0 according to the defi-
nition (7). In contrast, the first band (blue) and the third
band (red) in the non-trivial case cross over 2pi twice, in-
dicating that they have winding numbers νm = 2, but the
winding number of the second band (green) is 0. In each
panel, lighter and darker colors indicate the two MSs of
each band. In most cases, each MS does not go back to
itself, but connects to the other MS when k varies from
0 to 2pi. The quantized winding number is thus given by
the summed windings of all MSs for each band.
In Fig. 5, the three energy bands coalesce at zero energy
when k = ±pi/2, and two two-fold coalescent edge states
exist, well separated from the continuous bands along the
imaginary axis. To see the topological origin of these co-
alesecent edge states, we plot the three bands by three
different colors in Fig. 5, and then inspect the trajecto-
ries of their associated MSs of each band in Fig. 6. It
is found that the first two bands give winding numbers
νm = 1, and the third band gives νm = 2. Collectively,
the summation of the winding number agrees with the
summed total number of all coalescence edge states. By
contrast, the calculated Zak phase summed over all en-
ergy bands for the situation here with EPs does not give
a quantized value. Clearly then, our topological char-
acterization prevails but the Zak phase approach breaks
down. As a side note, it is not always straightforward to
directly observe the winding from the trajectories of MSs
on the Bloch sphere, especially when the system has many
bands (see Appendix B 2). Therefore, a numerical calcu-
lation through Eq. (7) should always be done to obtain
the winding number.
6FIG. 5: Purple circles show the energy spectrum under
OBC, and the red, green and blue curves show the en-
ergy spectrum of the 3 bands under PBC. All three bands
coincide with each other at energy 0, causing an EP in
the system. The energy gap between the EP (energy 0)
and the consecutive energy is large, because the energy
changes abruptly near the EP, and hence the numerical
calculation cannot fully capture the continuous spectrum
near the EP. Parameters are N = 120, t1 = t2 =
√
2/2,
t3 = 1, µ1 =
√
2, µ2 = 0, µ3 = −
√
2 and δj = 0.
To further illustrate the power of our method,we pro-
vide a phase diagram by evaluating the summed winding
number of MSs of the system with varying parameters
t1 = t2 and t3, as shown in Fig. 7 with different wind-
ing numbers represented by different colors. The region
where one or more EPs presents is enclosed by solid black
curves, and covered by a translucent white layer on top,
which are obtained from [See Appendix C]
2t21 + t
2
3 − 2 = 0,√
2t21 + t
2
3 − 2
3
3
1
t21t3
= 1, (10)
corresponding to the ellipse curve and the two almost
straight lines in Fig. 7, respectively. Across these lines,
the number of EPs of the continuous bands changes be-
tween zero and nonzero, representing an EP phase transi-
tion. In the absence of EP, the summed winding number
agrees with the summed Zak phase (divided by pi), as we
have discussed in Sec. IV A. When EPs present, the Zak
phase is ill-defined but we can still use the summed wind-
ing number as a topology invariant to characterize the
number of isolated edge states. Note that there is a clear
transition line (yellow) inside the region with the presence
of EPs. Such a region with EPs is usually considered as a
critical region lying between different topological phases.
Interestingly, our results indicate that within such a crit-
ical region with EPs, there is a further boundary separat-
ing different topological phases. This transition is unique
in non-Hermitian systems, as edge states may be isolated
from inseparable continuous bands only when they pos-
sess complex energies.
Before we proceed to the next section, we would like
to strengthen that there is no gap closing along the phase
transition line (yellow line). As we have briefly mentioned
in Sec. IV A, the Zak phases of the bands in the system
are not quantized individually, suggesting that the edge
states are not protected by a band gap but only have
topological origin characterized by the winding number
proposed here. In fact, even in Hermitian systems it was
known that topological transitions and their associated
changes in edge states could occur without gap closing85.
Therefore, it is not surprising that the edge states here can
emerge without the topological protection by the band
gaps.
FIG. 6: (a-c) MSR for each of the three bands, corre-
sponding to ν1,2,3 = (1, 1, 2) respectively. (d) the MSR of
all energy bands, where two EPs are marked with light
blue dots. The arrows indicate the orientation of the MSs
when k runs over BZ.
7C. The presence of NHSE
Although NHSE is absent in our previous exam-
ples, it plays a crucial role in many non-Hermitian
systems38,46,49,50,52 and can greatly affect our understand-
ing of their topological properties. With the presence of
NHSE, bulk-boundary correspondence breaks down, and
the energy spectrum under PBCs and OBCs behaves com-
pletely different46,49,54. Therefore, we cannot directly ap-
ply the MSR method to the PBCs system and calculate
the winding number to characterize isolated edge states
under OBCs in this case.
To recover the bulk-boundary correspondence, we need
to consider the so-called non-Bloch Hamiltonian h˜(k) =
h(k+iκ) such that for a certain κ, the energy spectrum of
h˜(k) does not form loops and reproduce OBC spectrum in
the complex plane38,46,49,52,54. Therefore, the procedure
to deal with a non-Hermitian system typically consists of
the following steps in general:
FIG. 7: The phase diagram obtained by varying the pa-
rameters t1 = t2 and t3. The other parameters remain
unchanged, as in the previous example in Fig. 5. The
winding numbers in different regions are labeled in the fig-
ure. Topological transitions occur when parameters vary
across the yellow lines separating regions with different
winding numbers. EP phase transitions are given by the
black solid lines, and the region enclosed is covered by a
translucent white layer, where the system possesses one
or more EPs of continuous bands in this region.
(i) Obtain the Bloch Hamiltonian of the system.
(ii) Calculate the energy spectrum under both PBC and
OBC.
(iii) Check the PBC energy spectrum. If it forms loops,
it means that the conventional bulk-boundary corre-
spondence breaks down, and one needs to calculate
the GBZ described by a complex deformation of the
quasimomentum k → k + iκ46,52,61,62. With GBZ,
the non-Bloch Hamiltonian H(k+ iκ), which recov-
ers the OBC spectrum, can be then obtained. If
the PBC energy spectrum does not form any loop,
it means it is free from NHSE, and we can directly
proceed to the next step.
(iv) From the non-Bloch Hamiltonian obtained, calcu-
late the corresponding eigenstates over GBZ.
(v) Use the MSR equation (6) to decompose the eigen-
states, and then calculate the azimuthal angle of
φm,l.
(vi) Calculate the winding number of MSs, which can
then be used to indicate the number of isolated edge
states of the system.
In Fig. 8a, we illustrate an example with the presence
of both NHSE and edge states isolated from the contin-
uous OBC band. We can evaluate the GBZ, as shown in
Fig. 8c, and hence obtain the non-Bloch Hamiltonian at
κ ∼ 2.67 [Fig. 8b], and bulk-boundary correspondence is
expected to be restored.
(a) (b)
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
Re
Im
BZ
GBZ
Im
  
(c)
FIG. 8: (a) and (b) show the energy spectra of both
PBC and OBC for the Bloch Hamiltonian and non-Bloch
Hamiltonian, respectively. Purple circles indicate the en-
ergy under OBC, and the red, green and blue curves show
the energy under PBC. (c) shows both the BZ and the
GBZ. In (a), energy spectrum under PBC forms a loop,
showing the presence of the skin effect. With GBZ, the κ
can be evaluated to be 2.67, and the energy spectrum of
the non-Bloch Hamiltonian under PBC recovers the OBC
spectrum. Other parameters for both cases are N = 120,
t1 = t2 = 0.4, t3 = 1.2, δ1 = δ2 = 0.2, δ3 = 1.1 and
µj = 0.
We then calculate the MSR for the non-Bloch Hamil-
tonian, and the results are shown in Fig. 9. Both the
summed winding number and the summed Zak phase are
4, in agreement with the fact that there are two two-fold
8coalescent edge states in this case. Therefore, the bulk-
boundary correspondence is fully recovered and our char-
acterization with the winding number of the MSs remains
valid for the non-Bloch Hamiltonian.
(a) MSR
0 1 2
1
2
0 1 2
1
2
0 1 2
1
2
(b) Variation of φ
FIG. 9: The three images in (a) and (b) are corresponding to
the three bands (red, blue, and green in Fig.8b respectively).
The arrows indicate the orientation of the MSs when k runs
over GBZ. The two colors in each plot here indicate the two
MSs for a given band. Their winding number are 1, 2, 1 re-
spectively.
D. 4-band system with 3 isolated edge states
Besides the cases with EPs, let us examine a case where
the system has an odd number of isolated edge states,
a situation that can never be connected with the Zak
phase. In particular, we consider below a 4-band case
from our model with J = 4, and in certain parameter
regime, this case yields three non-coalescent edge states
isolated from the continuous bands, as shown in Fig. 10a.
NHSE also presents in this case as the PBC Bloch bands
form some closed loops and are distinguished from the
OBC bands. Following the procedure in Sec. IV C, we can
obtain κ ∼ 0.75 for the non-Bloch Hamiltonian to recover
the OBC spectrum. This is illustrated in Fig. 10b.
By applying Eq. (6), we obtain the corresponding
MSRs, and the obtained results are shown in Fig. 11. It
is seen that the winding number is νm = 1 for m = 1, 2, 3,
and 0 for m = 4. This observation is also verified by our
direct numerical approach to νm. Thus the summation of
the winding numbers reflects the total number of isolated
edge states in this case.
Remarkably, the Zak phases summed over all energy
bands of non-Bloch Hamiltonian may quantize to an odd
multiple of pi only when the system goes around an excep-
tional degeneracy as we scan k from 0 to 2pi, the precise
situation where the system must have NHSE38,86. How-
ever, by construction the NHSE has been “removed” from
the non-Bloch Hamiltonian through the complex defor-
mation k → k + iκ. That is, the summed Zak phase
can only take an even multiple of pi for a non-Bloch
Hamiltonian, hence cannot reflect the number of isolated
edge states in this case. Indeed, numerically, we obtain
γ(1,2,3,4) = (1.0128, 1.9608, 1.0128, 0.0136)pi, which sum
to a quantized value of 4pi, but our system has only three
edge states! We have thus demonstrated again that our
topological characterization is superior to the Zak phase
approach.
(a) (b)
-1.0 -0.5 0.0 0.5 1.0
-1.0
-0.5
0.0
0.5
1.0
Re
Im
BZ
GBZ
Im
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FIG. 10: (a) and (b) show the energy spectra of the Bloch
Hamiltonian and non-Bloch Hamiltonian respectively. (c)
shows both the BZ and the GBZ. The κ of the non-Bloch
Hamiltonian is found to be 0.75. Parameters are t1 = 1,
t2 = 0.8, t3 = 1, t4 = 1.2, δ1 = 0.2, δ2 = 1.7, δ3 = 0.2,
δ4 = 0.2, µ1 = 0.5, µ2 = −0.3, µ3 = 0.4, µ4 = 0.9.
V. CONCLUSIONS
In summary, we have used the MSRs to decompose the
eigenstates of a non-Hermitian multiband system such
that we can visualize them on the Bloch sphere. We have
proposed a winding number of the MSs as a new topo-
logical invariant. Our defined topological invariant suc-
cessfully characterizes the number of isolated edge states
of non-Hermitian multiband systems under OBC. As a
marked result, our topological characterization is effective
even in the presence of EPs. Indeed, the winding numbers
of the MSs are more generally applicable than the Zak
phase, with the latter being ill-defined as the Hamiltonian
becomes non-diagonalizable. Via our proposed topolog-
ical invariant, we are able to predict the change in the
number of isolated edge states and hence identify topo-
logical transitions in a parameter region where EPs are
present and the band are inseparable. We have further
9applied our method to examples with non-Hermitian skin
effects, and again verified that the bulk-boundary corre-
spondence between the isolated edge states and the topo-
logical invariant we define can be restored by considering
a non-Bloch Hamiltonian, obtained by a complex shifting
of the quasi-momentum. Along this line, we have also dis-
cussed an example with an odd number of isolated edge
states, where the Zak phase necessarily fails to predict
the number of isolated edge states, whereas our topologi-
cal invariant again agrees with the number of edge states.
Such extraordinarily wide applicability of our approach
may trigger further studies and bring us more insights
into the interplay between exceptional degeneracies and
topological properties.
FIG. 11: The MSR of the 4 bands. (a-c) correspond
to the 3 band on top in Fig.10b, and the bottom right
correspond to the 1 band at the bottom in Fig.10b. The
arrows indicate the orientation of the MSs when k runs
over GBZ. Their winding numbers are 1,1,1,0 respectively.
Note added. During the final stage of our manuscript
preparation, we became aware of a preprint87, which uses
MSRs to study a three-band non-Hermitian Lieb lattice
model, with a very different focus.
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Appendix
Appendix A: Non-Hermitian Zak phase and the
winding number of the right or left eigenstates for
two-band systems
A two-band non-Hermitian system can be described by
the Hamiltonian
H =
∑
k
hx(k)σx + hy(k)σy + hz(k)σz + h0(k)I,(A1)
with σx,y,z the Pauli matrices acting on a pseudospin-1/2
space, and I the corresponding 2× 2 identity matrix. Its
left and right eigenstates are given by
|ψR+〉 =
(
e−iφ cos θ2
sin θ2
)
, |ψR−〉 =
(
e−iφ sin θ2
− cos θ2
)
(A2)
and
〈ψL+| =
(
eiφ cos θ2
sin θ2
)T
, 〈ψL−| =
(
eiφ sin θ2
− cos θ2
)T
, (A3)
with cos θ = hz/
√
h2x + h
2
y + h
2
z and cosφ =
hx/
√
h2x + h
2
y, and ± denoting the two bands. Note that
we have omitted the dependence of k for simplicity. With-
out loss of generality, we consider the Zak phase of the
lower band, which is given by
γ(−) = Re
∮
BZ
∂φ
∂k
sin2
θ
2
dk. (A4)
In Hermitian systems with a chiral symmetry σzh(k)σz =
−h(k), we have θ = 0, and the Zak phase is given by half
of the winding angle of φ throughout Brillouin zone, cor-
responding to a quantized winding number. Degenerate
topological edge states exist whenever the winding angle
is nonzero. In the absence of a chiral symmetry (and other
symmetries that protect 1D topology), The degeneracy
of edge states will be lifted, and they are no longer pro-
tected by topology. Nevertheless, the existence of these
10
edge states can still be characterized by the winding num-
ber of the phase angle φ81, which indicates a topological
origin of them despite the lack of topological protection.
For non-Hermitian systems, both angle parameters take
complex values in general, thus we rewrite them as φ =
φr + iφi and θ = θr + iθi, with φr,i and θr,i being real.
Nevertheless, due to the periodicity of the Brillouin zone,
imaginary phase factors θi and φi must go back to their
original values when k varies a period, and so does θr as
it is originated from the altitude angle in the Hermitian
limit. Therefore the winding corresponding to the Zak
phase is solely given by the winding of φr.
In the main text, we have applied MSR to decompose
the right eigenstates to the MSs only, containing no infor-
mation of the left eigenstates. In the simplest two-band
picture, each band consists of only one MS, directly given
by the right eigenstates. Therefore we shall rewrite the
right eigenstates with the orthogonal normalization con-
dition, which yields
|ψ′+〉 =
(
e−iφ
′
cos θ
′
2
sin θ
′
2
)
, |ψ′−〉 =
(
e−iφ
′
sin θ
′
2
− cos θ′2
)
(A5)
with φ′ and θ′ being real phase parameters. |ψ′±〉 and
|ψR±〉 shall be equivalent up to an overall coefficient. Tak-
ing the eigenstates of “−” band as an example, requiring
|ψ′−〉 = c−|ψR−〉 with c− a coefficient, it is straightforward
to obtain
e−iφ
′
= e−i(φr+
pi
2 )eφic−(e−
θi
2 ei
θr
2 − e θi2 e−i θr2 ),
cos
θ′
2
=
c−
2
(e
−θi
2 e
iθr
2 + e
θi
2 e
−iθr
2 ). (A6)
We can see that for each individual point in the Brillouin
zone, φ′ is given by φr plus pi/2 and some phases given
by c− and θi,r. However, neither of these extra phases
may yield a nonzero winding over a period, as c− depen-
dents only on θi,r, which must go back to themselves as
discussed earlier. Therefore, with k varying from 0 to 2pi,
φ′ and φr must give the same winding number, reflecting
the number of isolated edge states as demonstrated in the
main text. Note that we always express the decomposed
MSs to be tan θ2e
iφ with real phases θ and φ. Therefore,
in the main text, we do not encounter the complex phases
that we have discussed earlier in this section.
Finally, we note that though we have only considered
the right eigenstates in above discussion, this analysis also
applies to left eigenstates.
Appendix B: Examples in 5-band systems
MSR can also be applied to multiband systems with
even more bands. Here, we provide two examples with
separable bands and inseparable bands in a 5-band sys-
tem that is free from the skin effect (i.e. δj = 0 for
j ∈ {1, 2, 3, 4, 5}).
1. Separable bands
Considering the parameters as follow: t1 = t4 = 2,
t2 = t3 =
√
6/2, t5 = 1.7, µ1 = −µ5 = 4, µ2 = −µ4 = 2
and µ3 = 0. The energy spectrum is shown in Fig. 12.
FIG. 12: Black circles show the energy spectrum under
OBC, and the red, green, blue, orange and purple curves
show the energy spectrum of the 5 bands under PBC.
Parameters are N = 200, t1 = t4 = 2, t2 = t3 =
√
6/2,
t5 = 0.9, µ1 = −µ5 = 4, µ2 = −µ4 = 2, µ3 = 0 and
δj = 0. Insets show the real space distribution of the
edge states.
Four non-coalescent edge states isolated from the con-
tinuous bands can be observed in the energy spectrum of
Fig. 12. By obtaining the MSR of this model and plot-
ting the stars on the Bloch sphere, we can also observe
that the winding number is νm = 1 for m = 1, 2, 4, 5 and
ν3 = 0, as shown in Fig. 13.
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FIG. 13: The MSR of all bands are combined in the same
Bloch sphere, in which the colors are corresponding to the
energy bands in Fig.12
2. Inseparable bands with EPs
Considering t5 = 6 and the rest of the parameters re-
mains the same as in the previous section. The energy
spectrum is shown in Fig. 14. There are also 4 isolating
edge states in this case as shown in the figure. Note that
the two bands with m = 1, 2 (blue,red) are pinned at two
points on the complex energy plane, corresponding to two
flat bands throughout the BZ.
FIG. 14: Black circles show the energy spectrum under
OBC, and the red, green, blue, orange and purple curves
show the energy spectrum of the 5 bands under PBC.
Parameters are N = 200, t1 = t4 = 2, t2 = t3 =
√
6/2,
t5 = 6, µ1 = −µ5 = 4, µ2 = −µ4 = 2, µ3 = 0 and
δj = 0. . Insets show the real space distribution of the
edge states.
However, if we solve the MSR and plot it in the Bloch
sphere, the stars are rather messy in this case, as shown
in Fig.15. It is hard to directly obtain the winding infor-
mation from the plot in higher multiband systems with
the presence of EPs. Nevertheless, the winding numbers
can still be obtained numerically through Eq. (7). In this
specific example, the winding numbers are νm = 0 for
m = 1, 2, νm = 1 for m = 4, 5, and ν3 = 2.
FIG. 15: The MSR of all bands are combined in the same
Bloch sphere, in which the colors are corresponding to the
energy bands in Fig.14.
Appendix C: solutions of EP phase boundaries
The eigenenergies of our system under PBC can be ob-
tained from the eigenequation det[h(k) − Ek] = 0 of Eq.
(2) in the main text, yielding
E3k − (2t21 + t23 − 2)Ek − 2t21t3 cos k = 0 (C1)
for the parameters we considered in Fig. 7. In the
presence of EPs, this equation can be written as (Ek −
E1)
2(Ek − E2) = 0. Compared with the coefficients of
Eq. (C1), we have
3E21 = 2t
2
1 + t
2
3 − 2, (C2)
E31 = −t21t3 cos k. (C3)
Therefore, to have a real solution of k (and hence EPs in
the BZ), −E31/t21t3 must takes a real value between −1
and 1, and we can obtain the following two conditions:
2t21 + t
2
3 − 2 > 0 (C4)
to give a real value of E1, and
| cos k| = |
√
2t21 + t
2
3 − 2
3
3
1
t21t3
| 6 1. (C5)
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Thus the EP phase boundaries in Fig. 7 is obtained when
the above inequalities takes the equal sign, i.e. Eqs. (10)
in the main text.
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